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, Abstract: Based on a Riemann theta function and the super-Hirota bilinear form, we propose 

. a key formula for explicitly constructing quasi-periodic wave solutions of the supersymmetric 

' 2 1 

I— !■ Ito's equation in superspace Cy^' . Once a nonlinear equation is written in bilinear forms, then the 

^/^ ' quasi-periodic wave solutions can be directly obtained from our formula. The relations between 

I the periodic wave solutions and the well-known soliton solutions are rigorously established. It is 

Ph . shown that the quasi-periodic wave solutions tends to the soliton solutions under small amplitude 

limits. 

(N ■ 

> : 

■ 1. Introduction 

^ : 

, The Ito's equation takes the form 

I ■ 

§; Uu + 6{UxUt)x + Uxxxt = 0, (1-1) 

^ ! which was first proposed by Ito, and its bilinear Backlund transformation. Lax representation 

^ . and multi-soliton solutions were obtained [l] . The other integrable properties of this equation 

• such as the nonlinear superposition formula, Kac-Moody algebra, bi-Hamiltonian structure have 

been further found [2]- IS] . Recently, Liu, Hu and Liu proposed the following supersymmetric 
Its's equation [6] 

^tFt + 6{Fx{^tF))x + ^tFxxx = 0, (L2) 

and obtained its one-, two- and three-soliton solutions, where F = F{x, t, 9) is fermionic su- 
perfield depending on usual even independent variable x, t and odd Grassman variable 6. The 
differential operator Dt = de + Odt is the super derivative. 

The bilinear derivative method developed by Hirota is a powerful approach for constructing 
exact solution of nonlinear equations [7]-[T3] . Based on the Hirota bilinear form and the Riemann 
theta functions, Nakamura presented an approach to directly construct a kind of quasi-periodic 
solutions of nonlinear equation \14:\ [15] , where the periodic wave solutions of the KdV equation 
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and the Boussinesq equation were obtained. This method not only conveniently obtains periodic 
solutions of a nonlinear equation, but also directly gives the explicit relations among frequen- 
cies, wave-numbers, phase shifts and amplitudes of the wave. Recently, this method is further 
developed to investigate the discrete Toda lattice, (2+l)-dimensional Kadomtsev-Petviashvili 
equation and Bogoyavlenskii's breaking soliton equation [16] -[20] . 

Our present paper will considerably improve the key steps of the above method so as to 
make the method much more lucid and straightforward for applying a class of nonlinear su- 
persymmetric equations. First, the above method will be generalized into the super symmetric 
context. The quasi-periodic solutions of supersymmetric equations still seem not investigated to 
our acknowledge. Second, we a formula that the Riemannn theta functions satisfy a super-Hirota 
bilinear equation. This formula actually provides us an uniform method which can be used to 
construct quasi-periodic wave solutions of nonlinear differential, difference and supersymmetric 
equations. Once a nonlinear equation is written in bilinear forms, then the quasi-periodic wave 
solutions of the nonlinear equation can be obtained directly by using the formula. As illustrative 
example, we shall construct quasi-periodic wave solutions to the supersymmetric Ito's equation 
(1.2). Moreover, we also establish the relations between our quasi-periodic wave solutions and 
the soliton solutions that were obtained by Liu and Hu [5j . 

The organization of this paper is as follows. In section 2, we briefly introduce a super-Hirota 
bilinear that will be suitable for constructing quasi-periodic solutions of the equation (1.2). And 
then introduce a general Riemann theta function and provide a key formula for constructing 
periodic wave solutions. In section 3, as application of our formula, we construct one-periodic 
wave solutions to the equation (1.2). We further present a simple and effective limiting procedure 
to analyze asymptotic behavior of the one-periodic wave solutions. It is rigorously shown that 
the quasi-periodic wave solutions tends to the known soliton solutions obtained by Liu and Hu 
under "small amplitude" limits. At last, we briefly discuss the conditions on the construction 
of multi-periodic wave solutions of the equation (1.2) in section 4. 

2. The superspace, Hirota bilinear form and the Riemann theta 
functions 

To fix the notations and make our presentation self-contained, we briefly recall some properties 
about superanalysis and super-Hirota bilinear operators. The details about superanalysis refer, 
for instance, to Vladimirov's work [22\ I23|. 

A linear space A is called Z2-graded if it represented as a direct sum of two subspaces 

A = Ao e A, 

where elements of the spaces Aq and Ai are homogeneous. We assume that Aq is a subspace 
consisting of even elements and Ai is a subspace consisting of odd elements. For the element 
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/ G A we denote by /o and /i its even and odd components. A parity function is introduced on 
the A, namely, 

I .1 fO, if / G Ao, 
I 1, if /G Ai. 

We introduce an annihilator of the set of odd elements by setting 

^Ai = {A G A : AAi = 0}. 

A superalgebra is a Z2-graded space A = Ao©A in which, besides usual operations of addition 
and multiplication by numbers, a product of elements is defined with the usual distribution law: 

a{ab + (3c) = aab + Pac, {ab + /3c)a = aba + Pea, 

where a, 6, c G A and a,P G C. Moreover, a structure on A is introduced of an associative algebra 
with a unite e and even multiplication i.e., the product of two even and two odd elements is an 
even element and the product of an even element by an odd one is an odd element: \ab\ = \a\ + 16| 
mod (2). 

A commutative superalgebra with unit e = 1 is called a finite-dimensional Grassmann algebra 
if it contains a system of anticommuting generators aj,j = 1, ■ ■ ■ ,n with the property: aja^ + 
ak(Tj = 0, j. A; = 1, 2, ■ ■ ■ , n, in particular, aj = 0. The Grassmann algebra will be denote by 
Gn = Gn{cri, ■ ■ ■ ,cr„). 

The monomials {ecCj = aj^ ■ ■ ■ crj„}, j = {ji < ■ ■ ■ < jn) form a basis in the Grassmann 
algebra G„, dimG„ = 2". Then it follows that any element of G„ is a linear combination of 
monomials (Tj^ • ■ ■ aji^, ji < ■ ■ ■ < jk, that is, 

/ = /o + XI m fh-jk'^h ■ ■ ■ '^jk^ 

k>Oji<-<jk 

where the coefficients fji-j^. G C. 

Definition 1. Let A = Aq © A be a commutative Banach superalgebra, then the Banach 
space 

^m,n = ^rn X A? 

is called a superspace of dimension (m,n) over A. In particular, if Aq = C and Ai = 0, then 

A function f{x) : C™'" ^ A is said to be superdifferentiable at the point x G C^'"", if there 
exist elements Fj{x) in A, j = 1, • • • ,m + n, such that 

fix + h) = fix) + (Fji^), hj) + oix, h), 
i=i 

where x = (xi,-- - ,Xm,Xm+i, - ■ ■ ,Xn) with components Xj,j = ,m being even vari- 

able and Xm+j = dj,j = ,n being Grassmann odd ones. The vector h = (/ii,--- ,hm, 
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hm+1, ■ ■ ■ , hm+n) with {hi, ■ ■ ■ , hm) £ Ag^ and {hm+i, ■ ■ , hm+n) e A?;*. Moreover, 

II o(x,h) II 
lim " ; ,/ " — y 0. 
\\h\\-^o II h II 

The Fj{x) arc called the super partial derivative of / with respect to xj at the point x and are 
denoted, respectively, by 

df(x) , , 

-^^ = F^{x), J = I,-- - ,m + n. 

The derivatives with respect to even variables Xj, j = 1,2, •••n are uniquely defined. 

While the derivatives to odd variables Qj = Xj+rn i = 1; 2, • • • m are not uniquely defined, 

but with an accuracy to within an addition constant cai • • • cr„,c G C from an annihilator -^Gn 
of finite-dimensional Grassmann algebra G„. 

The super derivative also satisfies Leibniz formula 

Mg£M = ^,(,) + , J = 1, . . .„ + „. (2.1) 

Denote by P(A",A) the set of polynomials defined on A]* with value in A. We say that a 
super integral is a map / : P(A", A) A satisfying the following condition is an super integral 
about Grassmann variable 

(1) A linearity: + i^g) = ^/(/) + i^Iig), iJ.,iy € A, f,g e V{K^, A); 

(2) translation invariance: = /(/), where = f{9 + i) for all ^ e A'^, f € V{A'{,A). 
We denote 1(6*'^) = Is, where e belongs to the set of multiindices Nn = {e = (si, • • • , en),Sj = 

0, 1, 9^ = ■ ■ ■ 9^" ^ 0}. In the case when = 0, e G Nn, |e| < n = n — 1, such kind of integral 
has the form 

/(/) = J(/)I(1,... ,1), 

where 



Since the derivative is defined with an accurcy to with an additive constant form the annihilator 
^Ln, Ln = {9i ■ ■ - OjijO e A"}, it follows that J : P — )■ A/-'-L„ is single-valued mapping. This 
mapping also satisfies the conditions 1 and 2, and therefore we shall call it an integral and denote 



J{f) = J f{0)de = j 9i--- end9i ■ ■ ■ dOn, 



which has properties: 



j 9i - ■ ■ OndOi ■ ■ ■ dOn = 1, 

J ^d9i---den = 0, j = !,■■■ ,n. (2.2) 
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In this paper, we consider functions with two ordinary even variables x, t and a Grassmann 
odd variable 9. The associated space C^'^ = Aq x Ai (we may take Aq = M or C) is a superspace 
over Grassmann algebra Gi{a) = Gi^ © Gi^i, whose elements have the form 

/ = /o + /i^- 



where e = 1 is a unit, a is anticommuting generator. The monomials {1, cr} form a basis of the 

^2,1 
'A 



Gi((t), dimGi (ct) = 2. Under traveling wave frame in space C^'^, the phase variable should have 



the form 

^ = ax + bjt + 6a. 

Now we consider the bilinear form of the equation (1.2). By the dependent variable trans- 
formation 

F = 9,ln/(x,t,0), (1.3) 

where f{x,t,6) : C^'^ — )• C]f is a superdifferential function, the equation (1.2) is then trans- 
formed into a bilinear form 

{StDt + StDl)f{x, t, 6) ■ fix, t, 9) = 0. (1.4) 
where the Hirota bilinear differential operators Dx and Dt are defined by 

D^D^f{x,t,e)-g{x,t,9) = (d, - d,,r{dt - dtrfix,t,e)gix',t',e')\x,=,^t'=t,e'=d. 



The super- Hirota bilinear operator is defined as [21] 

N 

Sffix, t, 6) ■ g{x, t, 9) = ^(-i)il/l+I^O+i) 

i=o 

where the super binomial coefficients are defined by 



Df-^/(x,t,0)D^5(x,t,0), 



([jj/|),if (iV,j)^ (0,1) mod 2, 
0, otherwise. 



[k] is the integer part of the real number k [[k] < k < [k] + 1). 

Following the Hirota bilinear theory, It is easy to find that the equation (1.2) admits one- 
soliton solution (also called one-supersoliton solution) 

F,=d,ln{l + e'^), (1.5) 

with phase variable rj = kx — k^t + 9C, +^ and A;, 7 G Aq, C ^ ^i- 

To apply the Hirota bilinear method for constructing periodic wave solutions of the equation 
(1.2), we hope to add two odd variables Fq, c and consider a more general form than the bilinear 
equation (1.4) 
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F = dg^Fo + d,lnf{x,t,9), (2.1) 

where Fq = Fo{6) : Cj^^ — )■ C^j^^ is an odd special solution of the equation (1.2). Substituting 
(2.1) into (1.2) and integrating with respect to x, we then get the following bilinear form 

G{St, D^, Dt)f ■ f = {StDt + StDl + 2>FoDl + c)f-f = 0, (2.2) 

where c = c{9,t) : C^'^ — )■ C^^'"*^ is an odd integration constant. For the bilinear equation (2.2), 
we are interested in its multi-periodic solutions in terms of the Riemann theta functions. 

In the following, we introduce a super one-dimensional Riemann theta function on super 
space C^'^ and discuss its quasi-periodicity, which plays a central role in this paper. The Riemann 
theta function reads 

■d{^,e,s\T) =^exp[2Tri{^ + s){n + s)-7rT{n + sf]. (2.3) 

Here the integer value n G Z, s,e S C, and complex phase variables ^ = ax + ujt + 9a + 5 is 
dependent of even variable x, t and odd 9; The r > is called the period matrix of the Riemann 
theta function. It is obvious that the Riemann theta function (2.3) converges absolutely and 

2 1 

superdifferentiable on superspace C^' . For the simplicity, in the case when s = uj = 0, we denote 

Definition 2. A function /(^) : C^'^ C]f is said to be quasi-periodic in ^ = ax+ujt+6a-\-5 
with fundamental periods T, if there exist certain constants a, 6 G Aq, such that 

/(e + r) = /(0 + < + 6. 

An example of this is the ordinary Weierstrass zeta function, where 

for a fixed constant rj when w is a period of the corresponding Weierstrass elliptic p function. 

Proposition 2. [24J The Riemann theta function ■d((^,T) defined above has the periodic 
properties 

t9(C + 1 + iT, t) = exp(-27ri^ + 'nT)'d{i, r). (2.4) 

Now we turn to see the periodicity of the solution (2.4), we take f{x,t,9) in the bilinear 
equation (2.2) as 

f{x,t,9) = ^{C,T), 

where phase variable ^ = ax + ut + 9a + 6. By using (2.4), it is easy to see that 

m + ir,r) . i?^(C,r) 

2 = — ZTT? -I- 

^{^ + iT,T) ^ z?(e,r) ' 
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that is, 

In ??(^ + ir,r) = -27ri + 9^ lni?(^, r). (2.5) 
According to the differential relation, we have 

F{x,t,e) = F{0 = d^^Fo + ad^ln^^,T). (2.6) 

The equations (2.5) and (2.6) demonstrate that 

F(^ + l + ir) = dg^Fo + ad^ln'&{^ + l + iT,T) = -2ma + F{i). 

Therefore the solution -F(^) is a quasi-periodic function with two fundamental periods 1 and it. 

In following, we establish uniform formula on the Riemannn theta function, which will play 
a key role in the construction of the periodic wave solutions. 

Proposition 2. [21] Suppose that f{x,t,9),g(x,t,6) are super differentiable on space Cy^' . 
Then the Hirota bilinear operators Dx, Dt and super-Hirota bilinear operator Sx have properties 

/ • 9 = D^f ■ g, 

D^D^e^' ■ = (ai - a2)"'(wi - W2)"e«^+«^ (2.7) 
S-^e^i • = [ai - da + e{ai - a2)]e«l+«^ 
where = ajX + cojt + 9a j + = 1, 2. More generally, we have 

F{Sx,Dx,Dt)e^' ■ = F{ai - a2 + 6{ai - a2),ai - 02, ^^i - a;2)e«l+«^ (2.8) 

where G{St, D^, Dt) is a polynomial about St,Dx and Df. This properties will be utilized later 
to explore the quasi-periodic wave solutions of the equation (1.2). 

Proposition 3. The Hirota bilinear operators Dx,Dt and super-Hirota bilinear operator 
Sx have properties when they act on the Riemann theta functions 

Dx^{^,e',s'\T)-^{^,e,s\T) = ^ dx^(,2^,e' -e,{s' -s-f,)/2\2T)\i:=o^2^,e' +e,{s' +s+f,)/2\2T), 

^l=o,l 

(2.9) 

St^{^,e',s'\T)-i}{te,s\T) = 2),^?(2e,e'-e,(s'-s-^)/2|2r)|5=o^9(2e,e'+e,(s' + s+M)/2|2T), 

M=0,1 

(2.10) 

where X]^=o 1 indicates sum with respective to ^ = 0, 1. 

In general, for a polynomial operator G{St, Dx, Dt) about St,Dx and Dt, we have 

G{St,Dx,Dt)^{C,T)-'d{^,T)= C(Q,^,a,M)^?(2C,/u/2|2r), (2.II) 

1^=0,1 

^ = ax + ujt + 9a + J. 

C{a, ijj, a, ^|r) = G {47ri(n — ^/2)a, 4Tri{n — n/2)uj, ^2 12) 

4TTi{n - n/2){a + 9uj)] x exp [-27rT(n - ^/2)^] . 
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where 



Proof. By using (2.7), we have 

V = Stm,e',s'\T)-d{i,e,s\T) 

= ^ St exp{27ri(m' + s')(^ + e') - 7r(m' + s'fr} ■ exp{27ri(m + s)(^ + e) - 7r(m + s)^t}, 
= ^ 27ri((T + 6oj){m' — m + s' — s) exp {27ri(m' + m + s' + s)^ — 27ri[(m' + s')e' + (m + s)e] 

-• 7rT[(m' + s'f + {m + sf] ] 
m=V^m' 2m{a + eu){2m' -I' + s' -s)e^^{2m{l' + s' + s)^-2m[{m' + s')e' 

l',m'& 

+ (/' -m! + s)e\ - 7r[(m' + s'f + {I' - m' + sfjr} 
l'=g+i, Y 2TTi{a + euj){2m' -2l + s' - s- n)exp{4m^[l + {s' + S + n)/2] 

-27ri[(m' + s')e' - (m' - 2i - s - At)e] - 7r[(m' + s')^ + (m' - 21 - s - /x) V} 

Let m' = n + Z, and using the relations 

n + l + s' = [n + {s' - s~ n)/2] + [/ + {s' + s + /i)/2], 
- Z - s - At = [n + (s' - s - Ai)/2] - [Z + (s' + s + At)/2], 

we finally obtain that 



^ 47ri((T + 0uj)[n + {s' - s - /i)/2] exp{-27ri[n + (s' - s - iJ.)/2\{e' - e) - 2'KT[n + {s' - s - n)/2f) 



exp{27ri[Z + (s' + s + /i)/2](2^ + e' + e)- 2-kt[1 + {s' + s + At)/2]^ 
= St^(2$,£'-£,(s'-s-M)/2|2r)|e=ot?(2^,£' + £,(s' + s + /x)/2|2r). 

(U=0,1 

In a similar way, we can prove the formulae (2.9). As a special case when e = s = of the 
Riemann theta function (2.3), by using (2.9) an (2.10), we can prove the formula (2.11). □ 
Prom the formulae (2.11) and (2.12), it is seen that if the following equations are satisfied 

C(a, cj, o", /Lt|r) = 0, 

for /X = 0, 1, then ■!?(^, r) is a solution of the bilinear equation 

G(St,L>„A)^(e,r)-T?(C,r) = 0. 

3. Quasi-periodic waves and asymptotic properties 

In this section, we consider periodic wave solutions of the equation (1.2). As a simple case of 
the theta function (2.3) when iV = 1, s = 0, we take f{x, t, 9) as 



/(x, t, 9) = 7?(C, r) = E exp(27rmC - TrnV), 



(3.1) 
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where the phase variable ^ = ax + cot + 6a + S, and the parameter r > 0. 

To let the Riemann theta function (3.1) be a solution of the bilinear equation (2.2), according 
to the formula (2.11), the following equations only need to be satisfied 

J2 [-167r2(n - ///2)2(c7 + 9lv)lu + 2567r^(n - iJ./2)'^{a + eu)a^ 

n& (3.2) 

-487r^(n - n/lfa^FQ + c] exp[-27r(n - n/2fT] = 0, /x = 0, 1. 
We introduce the notations by 

A = e--/2^ 7?i(e, A) = ^(2e, 2t) = ^ A^"' exp(4i7rO, 

A) = ^9(2^, 0, -1/2, 2t) = ^ a(2"-i)' exp[2i7r(2n - 1)^]. 

nez 

By using formula (3.3), the equation (3.2) can be written as a linear system 

e-d'iJ^ + {a-d'i + a^e^^^'^)uj + ^ic + aa^f^ + 3a'^Fo^'( = 0, 
+ {a-d'i + a^e-df^)u + ^2C + aaHf^ + ?,a^FQ^'i = 0, 

where G Aq is even and c, Fq : C^'^ — > C^'^ are odd. In addition, we have denoted derivatives 
of A) at ^ = by simple notations 



(3.3) 



(3.4) 



= <)(0, A) = ^^^1,^0, J = 1, 2, ^ = 0, 1, 2, ^ 



Moreover, these functions are independent of Grassmann variable 9 and a. 

We show there existence real solutions to the system (3.4). Since c = c{0,t) and F = Fq{9) 
are function of Grassmann variable 9, we can expand them in the form 

c = ci+C29, Fo = /i + M (3.5) 

where ci, /i G Ai are odd and C2, /2 G Aq are even. Substituting (3.5) into (3.4) leads to 

(cT<a; + t?ici + f7Q^i?f ^ + Sa^'lfi) + 9{3a^'&'lf2 + ^iC2 + + a^^f^u) = 0, 

(3.6) 

{ad'iuj + i?2Ci + aa^^ + 3a2??27i) + ^(3a^472 + ^?2C2 + i?2W^ + w) = 0, 

where a;, ci, C2, /i and /2 are parameters to be determined. 

Since is a Grassmann variable, the system (3.6) will be satisfied provided that 

cT<w + i?ici + C7a''^i?f ^ + ?,a^^'ih = 0, 

(3-7) 

ud'^u + i?2Ci + aa^'d)^' + 3a^^'-^fi = 

and 

3a^</2 + t?iC2 + + a^^J^^w = 0, 
3a^-d'^f2 + ■d2C2 + ^2'^'^ + a^-df^u: = 0. 
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In the systems (3.7) and (3.8), it is obvious that vectors {^i,'&2)'^ and {^'(,^2)'^ are Hnear 
independent, and (t9^^\ 1^2^^)-^ 7^ 0. Therefore the system (3.7) admits a solution 

- + - ^'2'^! ^ °' " - ^ ^' ^ ^ ^ 

here we have taken fi = 13a, (3 ^ R for simphcity, and other parameters a, r, o", /? are free. 
By using (3.9) and solving system (3.8), we obtain that 

/, = -/?a;eAo, ^2 = ^ ^ ^^^^ e Ao. (3-10) 
Noting that f 9 d0 = 1 and f d0 = 0, we have 

9"^Fo = y"(/3f^ - /5w^) de = -(3uj. 
In this way, we indeed can get an explicit periodic wave solution of the equation (1.12) 

F = -/3a; + 9,lni9(e,r), (3.11) 

with the theta function t) given by (3.1) and parameters u), ci, C2 by (3.9) and (3.10), while 
other parameters a, a, r, 6, 13 are free. Among them, the three parameters a, a and r completely 
dominate a periodic wave. In summary, the periodic wave (3.11) is real-valued and bounded for 
all complex variables {x,t,9). It is one-dimensional, i.e. there is a single phase variable ^, and 
has two fundamental periods 1 and ir in phase variable ^. 

In the following, we further consider asymptotic properties of the periodic wave solution. 
Interestingly, the relation between the one-periodic wave solution (3.11) and the one-super soliton 
solution (1.5) can be established as follows. 

Theorem 1. Suppose that the cj G Aq and c € Ai are given given by (3.5), (3.9) and (3.10). 
For the one-periodic wave solution (3.11), we let 

a = , a = , = , (3.12) 

27ri 27ri Itti 

where the kX and 7 are the same as those in (1.5). Then we have the following asymptotic 
properties 

77 -|- VTT 

c — ^0, C — >- , '(?(C,t) — yl + e'^, as A ^ 0. (3.13) 

In other words, the periodic solution (3.11) tends to the one-soliton solution (1.5) under a small 
amplitude limit , that is, 

F — > Fi, as A ^ 0. (3.14) 

Proof. Here we will directly use the system (3.4) to analyze asymptotic properties of one- 
periodic solution, which is more simple and effective than our original method by solving the 
system |16]-|20] . Since the coefficients of system (3.4) are power series about A, its solution 
(w, c)^ also should be a series about A. 
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We explicitly expand the coefficients of system (3.4) as follows 
i?i(0, A) = 1 + 2A^ + • • • , <(0, A) = -327r2A^ + • • • , 

^(^)(0,A) =5127r^A^ + --- , ??2(0, A) = 2 + 2A^ + • • • (3.15) 
^'2'(0, A) = -Stt^ - 727r2A^ + • • • , 4*^^(0, A) = 327r^ + 25927r^A^ + ■ ■ ■ . 

Let the solution of the system (3.4) be in the form 

a; = Wo + i^iA + cj2A^ H = u)o + o(A), 

c = 6o + 5iA + 62A^ + • • • = 6o + o{X), 



(3.16) 



where loj G Aq, bj e Ai, j = 0, 1, 2 • • • 

Substituting the expansions (3.11) and (3.12) into the system (3.5) and letting A — y 0, we 
immediately obtain the following relations 

bo = 0, -SvrVwo + 26o + 327r^c7a^ = 0, 

which has a solution 

bo = 0, wo = ^iP'c?. 
Then from the relations (3.12) and (3.16), we have 

c — 0, — > ^iC'ic? = -k^, as A -)■ 0, 

and thus 



(3.17) 



^ = 27ri^ — TTT = kx + 2'Kiojt + + 7 
— > kx - k^t + 9C + j = T], as A ^ 0, 
It remains to show that the one-periodic wave (3.11) possesses the same form with the one- 
soliton solution (1.5) under the limit A ^ 0. For this purpose, we first expand the Riemann 
theta function t?(^, r) in the form 

^(^, r) = 1 + A2(e2'^'^ + e-2'^^^) + A^(e^'^^^ + e'^'^^^) + • • • . 

By using the (3.12) and (3.17), it follows that 

^(^, r) = l + J + X\e-^ + e^^") + X'^e'^^ + e^^") + • • • 
— ^ 1 + e^" — ^ 1 + e", as A 0, 

which implies (3.13) and (3.14). Therefore we conclude that the one-periodic solution (3.11) 
just goes to the one-soliton solution (1.5) as the amplitude A — >■ 0. □ 



11 



4. Discussion on the conditions of A^-periodic wave solutions 



In this section, we consider condition for A^-periodic wave solutions of the equation (1.2). The 
theta function is taken the form 

= i?(6,--- ,CiV,r) = ^ exp{27ri < > -vr < Tn,n >}, (4.1) 

where n = (ni, • • • , riAr)^ G Z^, ^ = (^i, • • • , ^a?)^ G , = ajx + LOjt + 6a j + 5j, j = 
1, • • • ,N,TisaNxN symmetric positive definite matrix. 

To make the theta function (4.1) satisfy the bihnear equation (2.2), we obtain that according 
to the formula (2.11) 



E 



/i=0,l Jii," 
N 



N N 

^ G ^ 47rf ^(nj - Hj/2)aj,4:TTi^{nj - fij/2)ujj, 



,njv 



fij/2){aj + dujj) > X exp 



-2tt 



N 

E 

j,k=i 



{rij - iij/2)Tjk{nk - fJ-k/'^) 



(4.2) 



0. 



Now we consider the number of equation and some unknown parameters. Obviously, in the 
case of super symmetric equations, the number of constraint equations of the type (4.2) is 2^"*"^, 
which is two times of the constraint equations needed in the case of ordinary equations |16j-[20j 
. On the other hand we have parameters Tij = Tjj, ci, C2, /i, /2, Oj, Wj, whose total number is 
^N{N + 1) + 2N + 4. Among them, 2N parameters tu, oji are taken to be the given parameters 
related to the amplitudes and wave numbers (or frequencies) of A^-periodic waves; ^N{N + 1) 
parameters Tij implicitly appear in series form, which is general can not to be solved explicit. 
Hence, the number of the explicit unknown parameters is only + 4. The number of equations 
is larger than the unknown parameters in the case when N > 2. In this paper, we consider 
one-periodic wave solution of the equation (1.2), which belongs to the cases when = 1. There 
are still certain difficulties in the calculation for the case N >2, which will be considered in our 
future work. 
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